Point-group symmetries in bandstructure of crystals
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1 Simple cubic lattice
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Figure 1: The Brillouin zone of a simple cubic lattice.

Let us investigate the bandstructure along the I' X line of the Brillouin zone.
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2 Empty lattice bandstructure

Free electron bands in a crystal
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In particular, in case of sc lattice along the I'X direction:
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Figure 2: Bandstructure of the empty simple cubic lattice along two directions of the Brillouin zone.

1. band generated by K = 2% (0,0,0)
ea (k) = go&?
oA =c'at?

_ 27
2. band generated by K = <t (0,0, —1)

Degeneracy at X:
ea(X) =ep(X)
3.-6. bands generated by K = 27” (£1,0,0), 27” (0,£1,0)
ep.erc (k) =co (€2 +4)

iZ(£24-2y) 1L (Ez2—2x)

op = e L op—e iZ(€x—2y)

ez’;(§z+23¢)7

YD = YG =¢€

7. band generated by K = 27” (0,0,1)
co (K) = 2 (24 €)°

oo = eE(E+D)z

Degeneracy at I':
es(I)=eprrc(l)=cc )

3 Nearly free electron approach

3.1 Lifting of degeneracy at the X-point

Nearly free electron approach:

1 .
Vk =—— [ &V (r)e™®r
€000 Juy,

(15)
(16)

(17)



Hamiltonian on the basis of ¢4 and ¢p:

Haa(k)=co§® Hpp (k) =e0(2-¢)° Hap (k) = Hpa (k) = Voo (19)
£ (k) = goA (20)
First order degenerate perturbation theory
2 _
(S i) ()= 2
(€22 (2-97 =) = Vi, =0 (22)
X |@-+ &A=V =0 (23)
Choose £ =1 and Vg1 >0
Ar =1+ Voo (24)
Eigenfunctions:
(7 2)(z)-
Yy (2) ~ e'@7 £ eTHF ~ cos %z (26)
b (2) ~ e'F% — e71E ~gin gz (27)

3.2 Lifting of degeneracy along I'X

Four basis functions:

op = ei%(£z+2a:), Yp = ei§(£z+2y)’ op = ei%(fz—2w), oo = ei%(fz—Zy) (28)
Matrixelements of the Hamiltonian:

Hpp (k)ZHEE(k):HFF (k):HGG<k):50 (52—}—4) (29)

Hpg (k) =¢0Vi7, Hpr (k) =e0Vaoo Hpa (k) =eoViio (30)

Hgr (k) =e0Viio Hgce (k) =eoVo2o Hre (k) =eoVqyg (31)

A simplification arises from point-group symmetry: for R € G, where G is the point-group of the lattice,

Vk = / d’rV (r) e = / drV (R7'r) MR = / Erv(r) T —= Vi = Vak  (32)

Considering the cubic point-group, Oy, the reciprocal lattice vectors 2Z (110) , 2% (110) and 2 (T10), as
well as 2% (200) and 2% (020) are equivalent. Thus, only two matrixelements are independent: V110, Vaoo

w=(&+4) - (33)

w  Viio Vaoo Vi
Vie w  Viwo Vano
det = 34
¢ Vaoo Viio w Vi (34)

Viio Veoo Viie w

w* + Vao0 + 8wViioVaoo — 4w Vg — 2w Vi — 4V Vano (35)
= (w? - V2200)2 — 4V, (w — Vao)” (36)

= (w — Va00)® (w + Vaoo)® — 4Vig (w — Vaoo)? (37)

— (w = Vioo)? ((w + Vago)® — 41/1210) ~0 (38)



w12 = Vago (39)
w3 = —Va00 + 2V110 (40)
wg = —Va00 — 2Vi10 (41)
Eigenvalues:
A2 = (€24 4) — Vago (42)
A3 = (€2 +4) + Vaoo — 2Vi10 (43)
Az = (€2 +4) + Vaoo + 2Vi1o (44)
Eigenfunctions:
cm 2 2
P = €'’ (sin % 4 sin L) (45)
a a
x 2 2
Py = €'’ (sin T sin ﬂ) (46)
a a
x 2 2
3 =e'a” (cos T2 cos ﬂ) (47)
a a
i 2
Py =¢e"a” (cos —+ L) (48)
In the doubly degenerate band (12), alternatively, we can take the following eigenbasis:
Y = €'« % sin il (49)
a
Py = "« sin Y (50)
a
4 (4, point-group
Little group of the k-points along I'X: C7%,
Eight symmetry operations:
E Cy, C’4_z1 Co, oy 0 04 O
r Yy -y —r oz —r —y Y (51)
y - x -y -y Yy —r x
z oz z z z z z oz
Multiplication table:
FE Cy, C;ZI Cay, oy Oy Oq op
FE FE Cy, C;ZI Cay, oy Oy Oq op
Ci. | Con  Cay E O} o, op Oy oy
C;ZI C;ZI FE Cy, Cy, op Oq oy Oy
Cy, | Cy, 04;1 Cl, E Oy oy op Oq (52)
oy oy op Oq Oy FE Csy, 04_21 Cy,
Oy Oy Oq op oy Cay, F Cy, C 4;1
Oa Oa oy Oy op 04_21 Cy. E Cs.
op op Oy oy Oq Cly, C;ZI Cay, F




Conjugate class of S € G: (S)={S": I Re G RS = SR}. {E} is always a conjugate class.
Cj, has 5 classes: {E},{Ca.},{Cu, C;ZI} Aoz, 0y} {00, 00}
VREe Civ RC5, = C5,R
O'yC;ZI = Cy,0y = 04

C4zay = 01042 =0q

~ e~ N
ot (@2
=) )
= - I =

Cu,0q = 0pCy, = 0y

Irreducible representations (irrep): the number of irreps equals the number of classes (r) and
T
> di=g 57)
p=1
5 irreps . — 4 one-dimensional, 1 two-dimensional

Character table (u, v and 4, j label irreps and conjugate classes, respectively)

> XM (R) X" (R) = g0 (58)
Reg
W (|
Z)x“ (R)) =g (59)
Reg
Y9N = g6 (60)
=1
s . g
S = L5, (61)
ot gi
E Cy. 04_21 Co, o0y 0. 04 Oy
AT 1 1 1 1 1 1 1
Apl1 a1 a1 1 1 1 -1 -
vl a1 1 a1 a1 11 (62)
AVl 1 1 1 a1 a1 1 -1
Asl2 0o 0 -2 0 0 0 0

Let us investigate the action of the symmetry transformation on the basisfunctions 1,12, ¥3, ¥4:

E Cy, C’4_Zl Co, 0y 0y 0, Op
1 2 -2 -1 1 -1 -2 2
401 -2 2 2 1 1 (63)
-3 -3 3 3 3 3 -3
4 4 4 4 4 4 4

=W N

Comparing with the chracter table, we can immediately see, that ¥4 belongs to the irrep A1, 13 to Ag,
while {wla wg} to A5.

4.1 Canonical basis and irreducible representations

Let us take the following orthogonal polinomials (canonical basis): 1, .y, z, zy, vz, yz, 2% — y?, 22% — 22 —

v ... (22 +y?>+22=1). Then,

1,2,222 —a? —y* — Ay (64)



On the subspace {z,y}:

D(E)_<(1) ?) D<c4z>—<_01 ) D(Cy)

1
0
D)= ) o= V) pea=( 0 ) pea=(] ) o

which are the matrices of the Aj irrep, thus:

Il
/N
=]
=
—_
N~
)
2
n
Il
7N
=
—_
|
o
N~
—
=)
[S3
N~—

{$7 y} ) {Z$7 Zy} - A5 (67)
Furthermore,
E Cy. C’;Zl Cs, Oy Oy Oq op
Ty —TY —xY Ty —TY -y zy Ty
22 — 2 —(:EQ—yQ) _(xQ_yQ) 22 g2 2%y g2 g2 —(wQ—yQ) —(mQ—yQ)
(68)
Comparing with the character table, yields
xy — Al (69)
2 — % — Ay (70)

4.2 Reduction of a reducible representation

Let us take the representation of the Cy, point group elements on the basisfunctions,

op = ei%(ngr%c)7 op = €i§(§z+2y)’ op = ei%(nglv)7 oo = €i§(5272y) (71)
and also calculate the corresponding characters:
10 00
01 0O
pE=|0 000 =xmE=4 (72)
0 001
01 0O
0 01 O
D (Cy) = 000 1 |=X (Cy) =0 (73)
10 00
0 0 01
1 10 00 1
pEey= ¢ 00 =@ =0 (74)
0 01 O
0 01 O
0 001
D (CQZ) = 10 0 0 = X (CQZ> =0 (75)
01 0 O
1 0 00
0 0 01
01 0O
0 01 O
01 00
D (o;) = 1000 |=x (0z) =2 (77)
0 001




0 0 0 1
0 0 1 0
D (Ua) = 010 0 =X (Ua) =0 (78)
1 0 0 0
01 0 0
1 0 0 0
00 1 0

Calculate the number of occurence of irrep p, M,,, in this reducible representation:

M, = éz; gi XEH)*Xi (80)
MAl:%(4+2*1*0+1*1*0+2*1*2+2*1*0):1 (81)
MM:%(4+2*2):1 (82)
MA/Z:%(4—2*2):O (83)
MA/I:é(4—2*2):O (84)
Ma, :%(2*4) —1 (85)

This means that the four-dimensional representation can be reduced to irreps, A1 ® Ao ® As, via a unitary
transformation.
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Figure 3: Typical bandstructure of a simple cubic lattice along I'X.

Projectors of the irreducible basisfunctions:

P = S p) (r) . D(R) (36)
9 Reg

I



a
A p . T
1/1§ 5) — i gin
A T . Yy
é 5) = ¢i 7 gin -2

This is exactly that we obtained previously in terms of the nearly free electron approach.

5 Structure of the Hamilton matrix, hybridization

Action of the symmetry operation:

R~'p + hk)®
R [Hy (r) ux (r)] = Hx (R 'r) uk (R7'r) = <I:2)—+) +V (R7'r) | wi (R 'r)
m
+ hRk)® _
= % +V (I‘) Uk (R 11‘) = HRk (I‘) Ruk (I‘)
consequently,

RHy = HrkR

I
HRkRuk = skRuk
I
€Rk = €k

and for non-degenerate bands,

upk (r) = cux (R7'r) (| =1)
Yrk (r) = ce™ Ty (R'r) = Ry (r)

For the little group of k:
RHk (I‘) = Hk (I‘) R

Hokp

(95)
(96)

(97)

This implies that Hyx and {R|R € G} have a common basis of eigenfunctions, {cpi }, where p, k£, =

1,...,M, and ¢ = 1,...,d, label the irreps, the occurence of irreps and the wavefunctions within an

irreducible subset, respectively.

ok o pskp
Hyp; =& P

k w' k!,
<é0? "oy " > = Oupur Ok k7, Oi
du
k &
Rp["™ =3 ¢l DY, (R)

j=1
Using the ”big orthogonality” lemma,

1 " x g
- Z Dis (R) Di’j (R) = d_ 6/141’5ij65r ;
9 keg B

(98)

(99)

(100)

(101)



the matrixelements of the Hamiltonian can be expressed as follows,

1 :
<“k“|H “k“>:gZ<R<pz’“|H v “> (102)

Reg
dp  dp
S BN WAL L VTR
s=1r=1 ReG
du " /J,k:,,
—5uu’62Jd Z<<Ps | Hieps > (104)
s=1

This means that the blocks of the Hamilton-matrix connecting different irreps are identical to zero,
whereas those connecting the same irreps are unit matrices multiplied by a complex number,

=S 3 S ) (4

b ke
Corollary 1: If an irrep occurs once in the basis set (M, = 1), then it spans an energy subspace and

(105)

o

el = hi; (106)
Corollary 2: If the same irrep occurs more than ones (A, > 1), than the corresponding eigenvalues are,
el™ (n=1,...,M,), where n labels the bands related to irrep p and the eigenfunctions are elements of
the tensorial product of the irreducible subspaces. Diagonalizing the M,, x M), matrices, h“’ e ,
ey = ey (107)
(1<j<d, 1<n<M,) (108)
7k "
) Z ity (109)
k=1
M,
3 Jee* =1 (110)
k=1

This is called hybridization, which strictly occurs within the sub-spaces of the same irreps!

5.1 Localized (tight-binding) picture

The crystal potential, V' (r), can be divided into pieces with respect to atomic cells,
=> V(r)e;(r) (111)
i

where
1 if re Qi

0 (r) :{ 0 if r¢Q (112)

with €; being the Wigner-Seitz cell corresponding to the atomic position R;,
Uai=1. (113)

The cell-potential is defined as
Vi(r) =V (r)©i(r) , (114)



Vi(r—R;)=Vi(r - R;) =V.(r - R)) (115)
V(i)=Y V.(r—Rj) . (116)

Let us introduce spherical atomic potentials,
Vi(r—Ry) = Vi (lr—Ri|) . (117)

such that
Vao(r—R;) =V, (r—R;)O;(r) , (118)

and atomic-like localized wavefunctions, ¢, (r), that are solutions of the Schrodinger-equation in a given
cell,

h2
|:—%A+V ( Rl):| Yo (I‘—Ri) = €aPa (I‘—Ri) (119)
(Galow) = [ ga e =R o (r = Ro) = b (120)
Apparently, ¢, can be classified according to the irreps of the point-group of continous rotations,

O (3) ,i.e., Ynem, where n = 1,2,... is the principal quantum number, ¢ is the orbital quantumnum-
ber and m is the magnetic quantumnumber. Corresponding Bloch functions can be introduced as,

Vo (k,T) \/_ ZeZkR ~Ry;) (121)
Vo (k, 4+ R;) \/_Ze“‘R r+R,~R,) (122)
=e*Riy, (k1) . (123)

These functions are, however, not orthonormal:

(W (&) [t (K Z R N (124)
aa’ (R Rz)
= S |c]? Snar (K) (125)
with ,
(k) = ™ ®iSou (Ri) . (126)

Let’s simplify matters by supposing

Suar (K) = 0per =>c=1 (127)

The eigenfunctions of the system can be looked for as

Zcﬂ ) e (K, 1) (128)
— \/_NZCJ ZelkR (r —R)) (129)
Hy; (k) = &b, (k) (130)
Then we arrive at a secular equation,
> ch (k) Hipo (k) = &, Y ¢, (k) v (K) (131)

10



> (Haar (4) = faar] s =0
det (H (k) — L) =0

The reciprocal-space Hamilton-matrix

Hoe ( Zezk(R “R))
_ L N7 k(R -Ry)
P2
_ 1 ik(R;~R,)
= — e
p>
1 ik(R;—R;)
Jr R e J
P>

2

h
Eronr =R (<5 ATV ) oo (- Ry)

m

l ( (
Pronr-R) (<A V=R ) (- Ry)

. « K2
ds’l"goa (I‘*Ri) *%A+V ( R])> Pa’ (I‘*Rj)

\\\

&1 o (1 —Ri)" (V (r = Ry) = Va (r — Ry)) oo (r — Ry)

—

Vaal (R'_Ri)(l_éRiRj )+6RiRj Ae o

= gaéaa’ + Agao/ + elkRLV Z)
R;£0

. " K2
Eaa! = 5046040/ + Agaa’ = /ddr Pa (I‘) <_%A +V (I‘)> Pa’ (I‘)
Usual approach (good in case of high symmetry):

Eaa! = Eaaaa’
The hybridization matrix:

Voot (Ry) = / 1 (1) (V (r = Ry) =V, (£ — Ri)) s (£ — R)

The real-space Hamilton-matrix:

H(ija, = gaéaa’aij + Vaa’ (R] - Rz) (]. — 61]) .

By using a unitary transformation, the Hamilton-matrix can be written as

ok
ani,n’l’i’ (k) 5##’ Ok

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

where p and k label the irreps of the little group of k and the corresponding symmetry-adapted wave-
functions, respectively, while the occurence of irrep p in the ¢-th and ¢'-th irrep of O (3) is denoted by
i and 7. Usually, n = n’. Diagonalization of this matrix gives the eigenvalues £/ (k), where b is the
bandindex. Thus, basisfunctions with different ¢ values can be mixed to form a band. This is a more
common definition of hyridization. A well-known example is the s — d (4s — 3d) hybridization in 3d

transition metals.

6 Density of states

Spectral density of states:

225(6761(”)

11
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ReG:npk(e) =nk(e) (141)

Total density of states:

nE@= 3 m@=3 3 m@E@=g 3 ml (142)

keBZ ReGkelIBZ kelBZ

This implies that the total density of states can be calculated by integrating the spectral density of states
in the irreducible wedge of the BZ.

Resolution according to irreps

Hy; = ey (143)
n(e)=> d(c—e) (144)
The results of the previous sections can be applied here, too:

ReG:HR=RH (145)

HY = et ! (146)

(n=1,...,r j=1,....d,) (147)

n(e) = Z d, Z 0 (e - 6(#)i> = Znu (e) (148)

I % I
ny,(e) =d, Z ) (5 - 5(“)i> (149)

7 Appendix: the cubic point-group, O),

Rotations: 3C4,6C5,4C3 = 1+3-3+6-1+4-2 = 24 symmetry oprations. 48 elements with inversion
10 classes: 4 one-dim., 2 two-dim., 4 three-dim. (4+2-4+4-9 =48)

Irreducible representations — even functions: A1y, Aag, By, T14,T24, odd functions: Aiy, Agy, By, T, Tou

Canonical basis:

1— Ay

{z,y,2} — Ty

{zy,yz, 2z} — Ty

{xQ 2,222 — 2 —y2} —~ B,

Splitting of energy levels when reducing symmetry:

On CZ, Céiz)

{z,y} y

p=1) {2,9,2} — Y — y

z

2?2 —
2 2 9,2 2 2 2x2 —2y2 2 222 — 1% — y2
d(t=2) {x —y°, 2z —x —y} N 22 —x° —y N 2y
{zy,yz,x2} Ty i
{yz, xz}

yz (154)

12



O cs: oy
T + 1y
p(t=1) {z,y,2} = {x;y} — z =iy
z
2 — y? + 2izy
2 _,2 2 _ .2 ;
2 262 .2 .9 {zy,2? — y?} ¥ —y° — 2ixy
d(0=2) {z g{/x72:<:z x:} v} 2222 s 92 g2 2
.92 {yz,xz} (x+zy)z
(x —iy) 2 (155)
8 Appendix: the group C’éz)
Anticlockwise rotation by 7/3 :
1 V3
=g 4 — 156
o' =ge+ -y (156)
V3 o1
/
- Moz 1
y 5+ 5y (157)
1 V3 V3 1 1 V3 ,
T I A A - |- _;X= 158
' 4 iy (2 z2>x+<2+z2>y (2 22><x+zy> (158)
= e7/3 (1 4 dy)) (159)
, ., (1 V3 V3 o1 1 V3 .
i = = 2 2 i)y ==+ — 160
o’ —iy <2+22 s+ |5 —ig|y= |5 tig | @) (160)
= e27/3 (1 — iy) (161)
3
2 /! — —?.’132 + \é—yz xy = —— (QZ'y) — \/7_ (.’172 — y2) (162>
2 2
1 V3 V3 o1 V3 1
2 _ 2 _ |21 Vo S R e Z = — 2 (2% — ¢ 1
a? —y <2w+ 2@/) ( 2w+2y> 5 (22y) — 5 (=° o) (163)
1ot 1 B
(27 )—( 2 )(ﬁ%) (164)
Y v 1 y
1 B
D)= 2 3 ) x@)=-1 (165)
2 2
N RV
D(C5') = = 2 x(C5h) =-1 (166)
T2 T2
For one-dimensional irreps (Abelian group):
1 x
PW = =% X" (R D(R) (167)
g Reg

13
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