
Simulationsin Statisti
alPhysi
sLe
ture 12JánosKertészHW1234567KPZS
alingNumeri
alSolution
Simulations in Statisti
al Physi
sLe
ture 12János KertészBME Department of Theoreti
al Physi
sDe
ember 1, 2010



Simulationsin Statisti
alPhysi
sLe
ture 12JánosKertészHW1234567KPZS
alingNumeri
alSolution
Homework

• C, C++, Fortran
• Do
umentation (.pdf, .do
):

• Algorithm and implementation details
• Interpretation of the results

• Sour
e 
ode (with an abundan
e of 
omments)
• Send at least 1 week prior to the examination tora
ze�phy.bme.hu.
• Tasks available at: http://tinyurl.
om/36j2qah

mailto:racze@phy.bme.hu
http://tinyurl.com/36j2qah
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Single Step on Solid Model
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Single Step on Solidhi (t): surfa
e height at time t above point i ,i = 0, 1, . . . ,N − 1w (N, t): surfa
e widthw (N, t) ≡ √

√

√

√

1N − 1 N−1
∑i=0 (hi (t)− h (N, t))2h (N, t) ≡ 1N N−1

∑i=0 hi (t) =?S
aling: 
rossover time tx ∝ Nz , andw (N, t) = Lαf ( tLz )

∝

{ tβ t ≪ txNα t ≫ txz , α, β =?
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Prisoner's Dilemma on a Square Latti
e
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Prisoner's Dilemma on a Square Latti
e

1 Random strategies (
ooperate with prob. p)2 At ea
h timestep, 
hoose random neighbors, they play thegame3 For the next step, ea
h player 
hooses the strategy of theneighbor (in
luding himself) who gained the most up totime t.4 Go to the se
ond step.What is the asymptoti
 proportion of 
ooperativeplayers as a fun
tion of p?
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Maximal Spanning Tree

• Download the 2006-2009 daily histori
al pri
es for the 30sto
ks in
luded in the Dow Jones Industrial Average(http://finan
e.yahoo.
om/q/
p?s=^DJI+Components)
• For ea
h of the 4 years, 
al
ulate the 
orrelation matrix ofthe daily returns (r (i)t ≡ log p(i)t+1 − log p(i)t )
• These matri
es 
an be regarded as the adja
en
y matrix ofa fully 
onne
ted weighted graph.
• Cal
ulate the maximal spanning tree (the spanning tree forwhi
h the sum of the edge weights is maximal) for ea
hmatrix.(http://en.wikipedia.org/wiki/Prim's_algorithm)
• Compare the spanning trees gained by this method.

http://finance.yahoo.com/q/cp?s=^DJI+Components
http://en.wikipedia.org/wiki/Prim's_algorithm
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Ising Spin Glass

• H = −
∑

〈i ,j〉 Jij · sisj , si = ±1, P (Jij = ±J) = 1/2
• Determine the ground state energy (per site) on a squarelatti
e of size 10× 10 and 20× 20 using a geneti
algorithm.(http://newton.phy.bme.hu/~kertesz/Ea8.pdf)
• Use periodi
 boundary 
onditions.

http://newton.phy.bme.hu/~kertesz/Ea8.pdf
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2D Hard Disk Fluid

• Write an event-driven mole
ular dynami
s simulation for ahard disk �uid.
• Use periodi
 boundary 
onditions.
• Let the density be ρ = 0.5 · ρmax.
• Determine the pair-
orrelation fun
tiong (r) ≡ E [# {i : |ri | ∈ [r , r + δr) | ∃ mol. at the origin}]2πrδr · ρ
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3-state Potts Model on a Triangular Latti
e

H ≡ −K ∑

〈i ,j〉 δS(i),S(j), S(i) ∈ [0, 1, 2]

• T
 =?

• Apply �nite size s
aling to the problem.
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Betweenness Centrality

• Betweenness 
entrality: 
i is the proportion of shortestpaths leading through node i :
i ≡ # {k , l 6= i , k < l : i ∈ pk→l}
(N − 1) (N − 2) /2 , withpk→l ≡ the shortest path from k to l

• Generate a 1000-point Barabási�Albert graph (let k = 2).
• Determine how 
i depends on the degree of node i :
 (d) ≡

1
# {i : di = d} ∑i :di=d 
i
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Betweenness Centrality

http://en.wikipedia.org/wiki/Centralityhttp://www.
s.u

.ie/~rb4/resour
es/Brandes.pdf

http://en.wikipedia.org/wiki/Centrality
http://www.cs.ucc.ie/~rb4/resources/Brandes.pdf
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The Kardar�Parisi�Zhang ModelA surfa
e-growth model that in
orporates reje
tion of parti
lesfrom the surfa
e (void formation).

∂th (x, t) = F + ν∇2h + λ (∇h)2 + η (x, t)h (x, t): The height of a layer above a d -dimensionalsurfa
e (Rd+1 → R)
η (x, t): Gaussian white noise

〈η (x, t)〉 = 0
〈

η (x, t) η
(x′, t ′)〉 = Aδd (x− x′) δ

(t − t ′)h (x, t) → h (x, t) − F · t
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KPZ model � S
aling Behavior

h(x,t)

x

δh(t)

ξ(t)

ξ (t) ∝ t1/z
δh (t) ∝ tζ/z ∝ ξ (t)ζ

δh (L, t) ≡ √L−d ∫Ld ddx [h (x, t) − h (L, t)]2 = Lζ f (L/ξ (t))f (x) {

= 
onst. L < ξ (t)
∝ x−ζ L > ξ (t)
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KPZ model � S
aling Behavior

• The linear 
ase (λ = 0) is exatly solvable by Fourier trf.(d = 1: z = 2, ζ = 1/2; d = 2: z = 2, δh2 ∝ log ξ)
• Nonlinear 
ase (λ 6= 0): the 
oupling 
onstant g ≡ Fλ2/ν3determines the behavior.
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Spa
e Dis
retization, 1Dxi = i∆x , hi = h (xi )

∂h
∂x (xi ) =

hi+1 − hi−12∆x + O (

∆x2)
[

∂h
∂x (xi )]2 =

(hi+1 − hi−1)24∆x2 + O (

∆x2)
∂2h
∂x2 (xi ) =

hi+1 − 2hi + hi−1
∆x2 + O (

∆x2)
⇓dhidt =

1
∆x2 [

ν (hi+1 − 2hi + hi−1) +
λ4 (hi+1 − hi−1)2]+noise.Remark: For the KPZ equation, ∃ an intrinsi
 instability,even in the deterministi
 part.
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Spa
e Dis
retization of the Noise, 1D

ηi (t) =
1

∆x ∫ xi+∆x/2xi−∆x/2 η (x , t) dxwith this de�nition,
〈ηi (t)〉 = 0

〈

ηi (t) ηj (t ′)〉 =
A

∆x δijδ (t − t ′)
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Time Dis
retization

Euler s
heme: Hi (tn+1) = Hi (tn) + ∆t · ∂̃tHi (tn)
∆Hi =

∆t
∆x2{

ν [Hi+1 (tn) − 2Hi (tn) + Hi−1 (tn)] +
λ4 [Hi+1 (tn) − Hi−1 (tn)]2 }

+

√A∆t
∆x N (0, 1)Euler s
heme stability: ∆t < 
onst. (∆x)z
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